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Abstract. The relativistic amplitudes of pion photo- and electroproduction 
are calculated by dispersion relations at constant t. Several sum rules and 
low-energy theorems for the threshold amplitudes are investigated within this 
technique. The continuation of the amplitudes to sub-threshold kinematics is 
shown to provide a unique framework to derive the low-energy constants of 
chiral perturbation theory by global properties of the excitation spectrum. 



1 Introduction 

In two recent publications we have studied pion photoproduction on the nucleon 
in the framework of fixed-t dispersion relations [lj[2]. In particular, we have con- 
centrated on the threshold region in which the results can be compared to both 
precision data and predictions of baryon chiral perturbation theory (ChPT). The 
dispersion relations (DRs) are based on a set of 4 photoproduction amplitudes 
Ai(is,t) depending on energy and momentum transfer described by the Lorentz 
invariant variables v and t, respectively. These relations are Lorentz and gauge 
invariant by construction, and unitarity is implemented by constructing the real 
parts of the amplitudes from the imaginary (absorptive) parts via the dispersion 
integrals. The dispersive amplitudes for sub-threshold kinematics are regular 
functions in a region of small v and t values, and therefore they can be expanded 
in a power series about the origin of the Mandelstam plane {y = 0, t = 0). 
Comparing this series with the tree and loop contributions of relativistic baryon 
ChPT [31 [U [5] one can read off the required low-energy constants (LECs) of that 
field theory, which up to now have been fixed by resonance saturation models 
or fits to the threshold data. In our present work we use MAID05 [6j as input 
for the absorptive parts of the amplitudes, which are obtained over the full res- 
onance region up to cm. energies of W=2.2 GeV by a global fit to the pion 
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photoproduction data. With few exceptions the results compare favorably with 
the experimental data and the predictions of ChPT in the threshold region. 

Another interesting aspect is the comparison with sum rules and low-energy 
theorems (LETs) of the 1950's and 1960's. These relations were based on cur- 
rent algebra and the PCAC hypothesis (partial conservation of the axial current). 
They become exact in the chiral limit of QCD, and thus all variables and ob- 
servables have to be understood in the fictitious limit of vanishing (light) quark 
masses and hence soft pions with mass M n — > 0. This leads to an expansion of 
the amplitudes in the mass ratio [i = M^/M^. The first such theorem was es- 
tablished by Kroll and Ruderman [7] for charged pion photoproduction, with the 
result that the S-wave amplitude for this process was finite in the limit fj, — * 0, 
i.e., 0(1). Somewhat later, several authors derived a LET for neutral pion photo- 
production [81 [9] , which led to the assumption that this reaction was 0(/j,) for the 
proton and 0(fi 2 ) for the neutron. However, extensive investigations in ChPT 
have shown that the finite pion mass leads to substantial corrections at physical 
threshold |10l [TT] . We have studied the role of such corrections in the context 
of two sum rules of Fubini, Furlan, and Rossetti (FFR) |12j . The first of these 
sum rules relates the nucleon's anomalous magnetic moment k n to a dispersion 
integral over the first pion photoproduction amplitude A\{y, t) for neutral pions, 
or, if extended to electroproduction, the Pauli form factor to the corresponding 
electroproduction amplitude. The second FFR sum rule predicts that the dif- 
ference of the axial {G\) and the Dirac vector (F^) form factors is related to 
the longitudinal electroproduction amplitude Aq for charged pions. The radii of 
these form factors are of similar size, {r 2 )\ — {r 2 )\ = (0.14 ± 0.03) fm 2 and 
the early estimates [33] simply led to the result G V A (Q 2 ) - (Q 2 ) = 0. The 
first and to our knowledge only dispersive calculation was performed by Adler 
and Gilman already in 1966 [14J. Their result was {r 2 )\ — {r 2 )\ = 0.152 fm 2 , 
in fantastic agreement with our present knowledge of this observable. Unfortu- 
nately, this result involves a dispersion integral with formidable cancelations (I) 
among contributions of positive sign in the region up to the Z\(1232) resonance 
and of negative sign in the second resonance region and (II) between the electric 
transverse and longitudinal contributions of the same multipolar ity 

We proceed by reviewing the status of the LET for neutral pion photopro- 
duction in Sec. 2. The formalism for pion electroproduction is briefly described 
in Sec. 3. In the following Sec. 4 we discuss the FFR sum rule for the anomalous 
magnetic moment and compare the results of our dispersive calculation with the 
predictions of ChPT. We present some preliminary results on the two FFR sum 
rules for electroproduction in Sec. 5, and close by a short summary in Sec. 6. 

2 Revised LET for neutral pion photoproduction 

The "LET" of Refs. [HJ [9] for the reaction 7 + p — > ir° + p was based on current 
algebra and PCAC. According to the theorem, the leading terms of the threshold 
multipole were to be given by the Born diagrams, evaluated with the pseudovec- 
tor pion-nucleon interaction. However, this prediction had to be revised in the 
light of surprising experimental evidence. The reason for the discrepancy be- 
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tween the theorem and the data was first explained in the framework of ChPT 
by pion-loop corrections. An expansion of the S-wave amplitude in the mass ratio 
fx yielded the result pUl LH] 

where g^jy is the pion-nucleon coupling constant and « 93 MeV the pion 
decay constant. The first and the second terms on the rhs of Eq. (pQ) are the 
prediction of Refs. [U [9], which however has to be corrected by the third term 
on the rhs. Although this loop correction is formally of higher order in /i, its 
numerical value is of the same size as the leading term. The energy depen- 
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Figure 1. The real (Re) and imaginary (Im) parts of the S-wave amplitude £"0+ for tt° photo- 
production at threshold energies. The MAMI data [151 116] are represented by circles, the SAL 
data [17] by triangles. Dashed lines: predictions of ChPT at 0(p 3 ) [THUS], solid lines: results 
from dispersion relations [20] ■ The solid horizontal line at about -2.2 shows the prediction of 
Refs. [SI |9]. 

dence of Eo+(tt°p) is shown in Fig. [TJ The discrepancy between the prediction of 
Refs. [H [9] and the experimental data obtained at the Mainz Microtron MAMI 
and at SAL (Saskatoon) is apparent. Furthermore, the real part of the amplitude 
shows a characteristic "Wigner cusp" at the threshold for charged pion produc- 
tion, which lies about 5 MeV above the ir° threshold. This cusp in the real part 
is related to the sharp rise of the imaginary part at the second threshold. The 
physical picture behind the large loop correction is based on (I) the large produc- 
tion rate of the charged pions and (II) the charge-exchange scattering between 
the nucleon and the slow 7r + in the intermediate state, which leaves a ir° in the 
final state. However, the direct experimental determination of the imaginary part 
will require double-polarization experiments with linearly polarized photons and 
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Figure 2. The separated cross sections ao, cttl, and cttt as well as the beam helicity asym- 
metry A' Th , as function of AW — W — Wthx and at the pion cm. angle 9^ = 90°. Solid line: 
HBChPT [24], dashed line: MAID [6], and dashed-dotted line: DMT model [25]. The data are 
from Weis el al. [23] . 



polarized targets. The excellent agreement between ChPT and the data for Eq+ 
is somewhat flawed by the fact that higher order diagrams are sizeable, that is, 
the perturbative series converges slowly and low-energy constants appearing at 
the higher orders reduce the predictive power. 

The great success of ChPT for photoproduction at threshold was a strong 
motivation to extend the experimental program to electroproduction. The first 
of such investigations were performed at NIKHEF [21 J and MAMI [52] for 
Q 2 = 0.10 GeV 2 , and provided another confirmation of ChPT although at the 
expense of 2 new low-energy constants, which were fitted to the data. In order 
to further check this agreement, data were also taken at lower momentum trans- 
fer. Whereas the former experiments were only sensitive to the real part of the 
amplitudes, Weis et al. [23] also determined the fifth structure function (TL'), 
which contains information on the phase of the S-wave amplitude. The result 
is displayed in Fig. [2] We observe that only the dynamical Dubna-Mainz- Taipei 
(DMT) model [25] is able to fully describe the experiment, in particular its pre- 
diction for the helicity asymmetry is right on top of the data. Such dynamical 
models start from a description of the pion-nucleon scattering phases by a quasi- 
potential, which serves as input for an integral equation to account for multiple 
scattering. In this sense the model contains the loop corrections to an arbitrary 
number of rescattering processes, and is therefore perfectly unitary, albeit on a 
phenomenological basis that may violate gauge invariance to some extent. 
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Let us consider the reaction 7* (9) + N(p) — > 7r(A;) + N(p'), where the variables 
in brackets denote the four-momenta of the participating particles. The familiar 
Mandelstam variables are s = (p + A;) 2 , t = (q — k) 2 , and u = (p — q) 2 , and ^ = 
(s — u)/(4Mjv) is the crossing-symmetric variable. The latter variable is related 
to the photon lab energy Elf 3 by v = E}f> + (t-M 2 + Q 2 )/{AM N ). The physical 
s-channel region is shown in Fig. [3j Its upper and lower boundaries are given by 
the scattering angles 9 = and 6 = 180°, respectively. The nucleon and pion 
poles lie in the unphysical region and are indicated by the dotted lines at v s = v& 
(s-channel) and v u = —ub (n-channel), where vb = (t — M 2 + Q 2 )/(4Mtv), and 
t = M 2 (t-channel). 

The nucleonic transition current can be expressed in terms of 6 invariant 




Figure 3. The Mandelstam plane for pion photoproduction (Q 2 = 0) on the nucleon. The 
boundaries of the physical region are 8 = (forward production) and 9 = 180° (backward 
production). The nucleon and pion pole positions are indicated by the dotted lines s = M%, 
u = M%, and t = M%. The dashed line s = (Mjv + M^) 2 indicates the threshold of pion 
production and therefore also of the imaginary part of the production amplitude. It is tangent 
to the boundary of the physical region in the point v = i^hr, t = tthr- The path t = tthx 
(dashed-dotted line) yields the only dispersion relation at t — const whose imaginary part is 
fully contained in the physical region. 
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amplitudes A4, J M = Ya=i t, Q 2 ) M-*, with the four-vectors M 4 M given by 
the independent axial vectors constructed from the particle momenta and the 
Dirac 7 matrices [26J. In the case of real photons (Q 2 = 0) and with the gauge 
condition e^fc M = 0, the matrices Mi* and Mq do not contribute to the interaction 
Lagrangian, and the remaining 4 matrices reduce to Eq. (10) of Ref. pj. The 
invariant amplitudes Ai can be further decomposed into three isospin channels 
(a = 1, 2, 3), Af = A ( i ~ ) ie a3b T b +Af ) T a +A ( i +) 5 a3 , where r a are the Pauli matrices 
in isospace, and the physical photoproduction amplitudes are given by 

Ai { 1P -» nvr+) = +V2{A i f ) + a\ 0) ), A t { 1P -> pn ) = A^ ] + Af\ 
^( 7n ^ p7r -) = _y2(4 -) -A- 0) )> Min -> nir°) = A { + ] - A® . (2) 

Under crossing, the amplitudes A^fy and A^ 5 ^ 6 are even functions of v and 
satisfy a DR of the type 

ReA{(v,t,Q 2 ) = Al polc (v,t,Q 2 ) + lv [°° d»/ ^ ^ , (3) 

whereas the amplitudes an d 2 ^4 are odd and therefore fulfil the relation 

ReAl(,,t,Q 2 )=Ai pole (,,t,Q 2 ) + 2 ^V f^ /^^f^ (4) 

We note that these amplitudes have no kinematic but only dynamic singularities 
(poles and cuts). As a consequence, the integrals on the rhs of Eqs. ([3|) and (JH) 
yield real and regular functions in a triangle bounded by the onset of particle 
production, that is below the cuts from tttt states at t > 4M 2 and N-zr states for 
s,u > (Mn + M^) 2 . Therefore, the integrals ("dispersive contributions") can be 
expanded in a Taylor series about the origin of the Mandelstam plane. In order 
to avoid the cluttering of indices in the following text, we denote the real part 
of the dispersive amplitudes simply by Re^4( disp = ReAf — A\ pole = A\. 

4 Anomalous magnetic moment 

The FFR prediction for the Pauli form factor can be cast in the following form: 

Treg wN J Uthi v' z - v l 

where A N (u,t,Q 2 ) is the "FFR discrepancy", which should vanish in the soft- 
pion limit, v — > 0, ub —> 0, M n — ► 0. In this limit, the pion threshold moves to the 
point [y = 0, t = —Q 2 ) of the Mandelstam plane, which lies in the unphysical 
region. In the following we concentrate on the question whether the anomalous 
magnetic moment kn = (0) can be determined from the photoproduction 
data. The integrand for the dispersion integral of Eq. ([5]) is plotted in Fig. [5] 
for real photons (Q 2 = 0) and at v = (dashed lines) as well as v = f t h r 
(solid lines). In accordance with the magnetic moments, the isoscalar combina- 
tion (top) is small compared to the isovector one (bottom). The isoscalar inte- 



D. Drechsel, B. Pasquini, and L. Tiator 



7 




0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 
v' (GeV) 




0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 
v' (GeV) 



Figure 4. The integrands of the dispersion integrals on the rhs of Eq. ([5| for the isoscalar 
(top) and isovector (bottom) combinations of the amplitudes Ai(v, tthr, 0). The full lines are 
obtained for v — Vthr, the dashed lines for v = 0. 



grand (top) shows peaks at threshold (S-wave pion production), no contribution 
in the Z\(1232) region, and further peaks in the second and third resonance re- 
gions. The isovector integrand (bottom) is essentially given by S-wave threshold 
production and a large contribution of the Z\(1232), whereas the higher resonance 
regions are negligible. However we note that the size of the S-wave contribution 
decreases strongly if the integral is evaluated in sub-threshold kinematics, for 
example, at v = as shown by the dashed lines in the figure. 

In Fig. [5] we investigate the convergence of the multipole expansion for the 
dispersion integral of the proton. The figure shows the lhs of Eq. ([5]) evaluated 
over a large energy range. The result is clearly dominated by the imaginary part 
of the P-wave amplitude (dotted line), but the S-wave contribution is substantial 
at low v values and yields the cusp effect at threshold (dashed line). The imag- 
inary parts of the higher partial waves turn out to be negligible over the whole 
energy region. We observe that the FFR theorem is nearly fulfilled in the sub- 
threshold region, for v — > 0. Indeed, the result of the dispersion integral is very 
close to K p = 1.793, and by increasing t from i t hr to M%, the FFR discrepancy 
decreases even further. In this sense we may conclude that the proton's anoma- 
lous magnetic moment is produced to | by S-wave pions near threshold and | by 
P waves, mostly from Z\(1232) resonance excitation. The following Fig. [6] com- 
pares the predictions of Heavy Baryon (HB) ChPT and DR for A p {v, tthr) 0) as 
function of u in the range < v < 200 MeV. Although there is good agreement 
in the threshold region (upper panel), we observe 3 principal differences between 
HBChPT and DR if we move further away from the threshold (lower panel): 
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Figure 5. The values of k p + A p [y,tthx) obtained from the dispersion integral of Eq. ((5} with 
a multipole decomposition of \mA\. Solid line: full result for Irm4i evaluated with MAID03. 
Dashed line: result for the dispersion integral with only the S-wave contribution to Irm4i, dotted 
line: P-wave contribution only, dashed-dotted line: sum of D- and F-wave contributions. 



(I) The rise of A p for v > 170 MeV due to the Z\(1232) resonance cannot be 
described by the "static" LECs of HBChPT, but requires a dynamical descrip- 
tion of the resonance degrees of freedom |28|, [29] . (II) The curvature predicted 
by HBChPT for small v is due to the non-relativistic approach, which leads to 
shifts of the nucleon pole situated at v = i>b = —9.7 MeV and, along the same 
line, to violations of the crossing symmetry. (Ill) Different order approxima- 
tions of HBChPT lead to quite different results in the sub-threshold region. The 
shortcomings of HBChPT have of course been noted often before, and several 
groups are now applying newly developed manifestly Lorentz-invariant renor- 
malization schemes [30j [31] [32] to various physical processes, in particular also 
to pion photoproduction. However, the general structure of the dispersive part 
of the (dispersive) amplitude A\ for small external momenta has already been 
given in Ref. [3], 

a[ N,7T } = a 00 + a 02 VB(t) + a 20 v 2 + ... , (6) 

where the coefficients are functions of the mass ratio fi. In particular the 
leading coefficients depend on the pion mass as follows: aoo = C(/x 2 ), ao2 = 
O (In /j,), and a 2 o = O (/x _1 ). The vanishing of aoo i n the chiral limit is, of course, 
a necessary condition for the validity of the FFR sum rule. Furthermore, the 
divergence of the higher expansion coefficients in that limit is the reason why 
the old LET for neutral pion photoproduction failed. The analytic continuation of 
the multipole expansion for A\ to the soft-pion threshold at the unphysical point 
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Figure 6. The correction to the FFR sum rule for the proton, A p (v, t t hr, 0) as defined by 
Eq. ([5j) . The dispersive approach (solid lines) is compared to several predictions of HBChPT, 
represented by the dotted [18] ■ dashed |19j . and dashed-dotted [27] lines. The data points are 
obtained from the experimental S- and P-wave multipoles of Ref. |33| and an estimate of the 
D waves according to MAID. 



(s = u = Mjy,i = M%) requires some care, because the Legendre polynomials 
Pt(x) involved in the expansion have to be evaluated at \x\ > 1. As a result of 
this extrapolation we find that Sq is zero within the error bars of our calculation, 
which are essentially due to the unknown higher part of the spectrum. Also the 
expansion in VB{t) requires an extrapolation to the unphysical region near the 
origin of the Mandelstam plane. However, the coefficients of v 2n n > 1, can be 
(approximately) obtained by expanding the dispersion integral at t = i t h r in a 
power series in v 2 , 

N _ AM% [°° dv' AN,*"),,. n s ,~ 

Due to the additional factors of 1/z/ 2 , these integrals are well saturated by the 
region between threshold and the Z\(1232) resonance. The numerical results for 
these coefficients are a p 20 = 0.368/M 2 + , a p 40 = 0.120/M^ + , and a p m = 0.054/M^ + , 
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and Fig. [7] shows the good convergence of the Taylor series below pion threshold. 
We note that these results are obtained by expanding the denominator z/ 2 - u 2 
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Figure 7. Full line: the correction A p (u, t t hr, 0) as defined by Eq. Jjj), compared to the low- 
energy expansion in the crossing-symmetric variable v. Dashed line: expansion up to Oiy 2 ), 
dashed-dotted line: to 0(v 4 ), dotted line: to 0(v 6 ). 

in the dispersion integral for fixed i^hr an d Q 2 = 0. This expansion converges up 
to the cusp at v = Vthr- in the same way, also the loop terms of relativistic ChPT 
can be expanded in a real power series in v 2 about v = 0, up to the singularity 
at threshold. The Born and counter terms are power series in v 2 anyway. It is 
therefore possible to determine the (unknown) low-energy constants by compar- 
ing the Taylor expansions of ChPT and DR in the sub-threshold region. 

Figure [8] displays the 4 invariant amplitudes for neutral pion photopro- 
duction on the proton. The agreement between the MAID and SAID results 
demonstrates that the imaginary parts of the amplitudes, which serve as input 
for the dispersion integrals, are quite similar in these two partial-wave analyses. 
We further observe that the cusp effect is only dominant for the amplitude Ai, 
which signifies that the other 3 amplitudes have only small contributions from S 
waves and loop effects. However, the dispersion integrals can not fully describe 
the experimental values for Ai to A4. The reason is that these integrals do not 
provide the pole structures of the vector mesons at t = m 2 /, even though the 
vector meson background plays an important role in the unitarization process of 
MAID. It is even more surprising that the dispersion integrals for the threshold 
amplitudes change only by a few percent if we drop the vector mesons in the 
construction of the absorptive amplitude by MAID, whereas the vector mesons 
yield 20 % and 50 % of the threshold amplitudes for A2 and A4, respectively. We 
therefore have to accept the Mandelstam hypothesis [34] that the amplitudes are 
the sum of all pole terms plus two-dimensional integrals over the double spectral 
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Figure 8. The real parts of the amplitudes for the reaction 7p — > ir p as function of v 

and at t — i t h r . Solid lines: dispersive contributions according to Eqs. ((3| and ([4]) as evaluated 
with the imaginary amplitudes from MAID05 containing partial waves up to ^ max = 3. Dashed 
lines: same results calculated with SAID 38 . The dashed-dotted lines are obtained by adding 
the vector-meson contributions to the MAID result. The data points near threshold are derived 
from the experimental values of Ref. [33] for the S and P waves plus the MAID values for the 
D waves. 



region. The one-dimensional DRs, e.g. at t =const, follow from this representa- 
tion, as has been proved for pion photoproduction by Ball [35]. Alternatively, 
we could subtract the DRs at v = 0, which introduces an unknown function 
Aa (0, t, 0). This function is real in the region of small t, and in principle can be 
constructed from its imaginary part by an integral along the t-axis of Fig. [31 
If we add the t-channel p and u poles according to MAID05, we obtain an al- 
most perfect agreement for A±, Ai and A4. The apparent discrepancy between 
theory and experiment for A3 is an open question. The inclusion of the vector 
meson poles does not help, because only axial vector mesons can contribute to 
the crossing-odd amplitude A^ w ^ [2]. 

Let us next expand all 4 amplitudes for neutral pion photoproduction about 
the point [y = 0, t = M%,Q 2 = 0). We first define dimensionless quantities 
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Ai(u,t,0) as follows: 

A 2 (u,t,0) = ^A 2 (u,t,0), (8) 

A 3 4u,t,Q) = ^j-A 3A (v,t,0). 

The functions Ai(u,t,0) are regular near the origin of the Mandelstam plane 
and can be expanded in a power series in v and t (or v As is evident from 
the definition of the variables, v is 0(M n ) and v B is 0{M 2 /M^) in the region 
of interest. Therefore the crossing-even amplitudes A^f^ and A% ' have the 
expansion 

Aiiy, t, 0) = 4 + 4 u 2 /Ml + 4 u B /M n + . . . , (9) 
with the lowest expansion parameters given by 



4 = A(0,MlO) 

Ml a 2 
2 d 

4 = 4M iV M^A(0,t,0)| t=M| . (10) 



4 = -^^A(v,MlO)\ u=0 , 



The expansion of the crossing-odd amplitudes Z\g + ' ^ and A^ 24 takes the form 
A^v, t, 0) = 4 u/M w + 4 v 3 /M* + S\ 2 uu B /M 2 + ..., (11) 
with the lowest expansion parameter 

S\ = M 7T ^-A(u,M 2 )l =0 . (12) 

In Table Q] we list the leading expansion coefficients for the full pir amplitudes 



Table 1. The leading expansion coefficients for the pn amplitudes from the dispersion inte- 
gral (see Eqs. (8)- ([12} for definitions) including the vector meson i-channel contributions. In 
brackets: the low-energy constants of ChPT [5]. 





^00 


<5io 


^20 


5()2 




-0.04 (0) 




0.32 (0.53) 


1.68 (3.40) 


A 2 


-6.41 (-6.33) 




-1.26 


1.92 


A 3 




-2.23 (-2.58) 






A* 


21.19 (22.40) 




2.23 


4.50 



obtained from the dispersive calculation. The numbers in brackets are the LECs 
of relativistic ChPT. The differences between the full dispersive result and the 
LECs indicate the size of the loop terms and, in the case of A\, also of the FFR 
current. It is obvious that the loop contributions are small for the amplitudes 
A 2 , A 3l and A4. 
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5 Pion electroproduction 

The threshold for pion electroproduction moves with the value of Q 2 , and in 
the following we evaluate the dispersive amplitude t = t t i ir (Q 2 ) along the path 
from v = Vthv{Q 2 ) to infinity. In the soft-pion limit, the threshold moves to 
v = and t = —Q 2 (or vb = 0). As in the previous section for real photons, 
we can extrapolate from the physical to the soft-pion threshold for small values 
of u, ub, and Q 2 . Of course, we can not expect to reproduce the FFR sum rule 
in this way, because the expansion coefficients of the FFR discrepancy depend 
on the pion mass and the dispersion calculation only provides these coefficients 
for the physical mass. In particular the pion-loop effects at threshold depend 
on the pion mass and, moreover, they produce a Q 2 dependence very different 
from the nucleon form factors. However, as has been shown before, we expect 
a suppression of these loop effects if the dispersion integral is evaluated in the 
sub-threshold region. In Fig. [9] we compare the Pauli form factor F% (dotted 




0.1 0.2 0.3 0.4 0.5 



Q 2 

Figure 9. The proton's Pauli form factor F$ as function of Q 2 compared to the rhs of Eq. ([5]). 
Thick solid line: dispersive results at threshold (y = fthr,t = £thr), thick dashed line: same 
kinematics but including the f-channel vector meson poles, thin solid line: dispersive results 
for soft-pion kinematics (y = vb = 0), thin dashed line: same kinematics but including the 
t-channel vector meson poles. The dashed-dotted line is the parametrization of Fl^ according 
to Ref. [37]. 

line) to the Q 2 dependence of ^f^ v as evaluated by the dispersion integral 
at v = and v = vthr- The figure clearly demonstrates that the slopes of the 

f PIT ) 

Pauli form factor and the invariant amplitude Af disp differ considerably. More 
quantitatively, the extrapolation to the soft-pion kinematics yields an effective 
r.m.s. radius r[^4i(z^ = vb = 0)] ~ 1.12 fm, much larger than the Pauli radius of 
the proton, r\ = 0.894 fm [36] or 0.879 fm [37]. The reason for this behavior is 
already seen from the integrand of the dispersion integral shown in the top pan- 
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els of Fig. [10] for the momentum transfers Q 2 = and 0.1 GeV 2 . Evidently the 
bulk contribution to the integral stems from the Z\(1232) resonance. In the real 
photon limit and for energies near threshold (solid line) also the S-wave thresh- 
old production is quite sizeable, but this contribution of the pion cloud decreases 
rapidly if the energy moves into the sub-threshold region. It is also seen that 
the loop effects drop faster with momentum transfer than the resonance contri- 
butions. As discussed in the previous section, the FFR prediction is essentially 
verified at the real photon point. This fact is also seen from Fig.QJJby comparing 
the sub-threshold results (thin lines) with the Pauli form factor (dotted line) at 
Q 2 = 0. On the other hand, the figure shows that the slopes of the amplitudes 




0.5 1 1.5 0.5 1 1.5 

v (GeV) v (GeV) 



Figure 10. The integrands of the dispersion integrals for (top row) and A 6 ~ (bottom 

row) as function of the integration variable v'. Left: Q 2 — 0, right: Q 2 = 0.1 GeV 2 ; solid lines: 
integrands for the threshold amplitude (y — f t hr), dashed lines: integrands for the sub-threshold 
amplitude (y — 0). 



differ considerably from the slope of F% even in the sub-threshold region. In a 
simple model including the S-wave loop contributions according to Ref. [TO] plus 
the FFR contributions for all the multipoles, we obtain the following slope for 
the threshold amplitude and its contributions, all in units of GeV~ 4 : 

^2^1 P disp hr ( m0del ) = " 311 ^°+) + 278 ( L °+) " 1 ( P WaWS ) 

= -13.5 (FFR) - 20.5 (loop) = -34 GeV" 4 . (13) 
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The strong cancelation between the transverse and the longitudinal S-wave con- 
tributions is remarkable, it requires a good knowledge of both multipoles to get 
a reliable prediction for the slope. Furthermore, the slope is largely determined 
by the loop contribution. Translated into transition radii, the FFR term has the 
radius of the Pauli form factor, r| ~ 0.88 fm, whereas the pion cloud reaches 
to much larger distances described by r[loop] ~ 1/M n = 1.45 fm. The total re- 
sult is rfmodel] = 1.12 fm, in good agreement with r^ttm ^thr] = 1-17 fm and 
r[u = 0, tthr] = 1-09 fm obtained from the dispersion integrals. In conclusion, 
the radius derived from the invariant amplitude A\ is about 25 % larger than 
the Pauli radius, which is another "smoking gun" for the importance of the pion 
cloud in low-energy nuclear physics. 

Let us now turn to the second FFR sum rule, which connects the axial and 
Dirac isovector form factors with the amplitude Aq \u, i t hr> Q 2 )- Its physics con- 
tent is identical with the LET of Nambu et al. [39] , which has been derived for 
the slope of the S-wave multipole. In the notation of Fubini et al. |12j this sum 
rule takes the following form in the soft-pion limit: 



The isovector Dirac radius is relatively well known from the analysis of elastic 
electron scattering, e.g., {r 2 )\ = (0.585±0.010) fm 2 [36]. The axial mass param- 
eter as determined by neutrino and antineutrino scattering [40] lies in the range 
of Ma = (1.026 ±0.021) GeV corresponding to {r 2 ) v A = (0.444 ± 0.019) fm 2 [H], 

which leads to A ( ~^ FR (Q 2 = 0) = (1.30 ± 0.27) GeV~ 3 . Alternatively, the 
same axial mass but the radius of Ref. [37] results in (1.55 - 9.50 Q 2 / GeV 2 + 
0(Q 4 )) GeV" 3 . In the soft-pion limit only the S-wave multipole E 0+ (Q 2 ) sur- 
vives as long as Q 2 is finite, and in accordance with the LET of Nambu et 
al. [39], the information of the LET resides in the slope of that multipole. For 
the real pion mass, on the other hand, the multipole Lq , accounts for 94 % 
of A^ ppp at Q 2 = 0, the remainder being given by l\_ . However, already at 
Q 2 = 0.1 GeV 2 the bulk contribution (78 %) is due to the rising multipole Eq + . 
Obviously, the situation is more complicated in the real world than for massless 
pions. The integrand for the amplitude A^ ^ is shown in the lower panels of 
Fig. O We note that the integrand diverges at the onset of the imaginary part 
like l/^/f — I'cusp- The figure shows positive contributions from both threshold 
pion production and Z\(1232) resonance excitation. However, these contributions 
are largely canceled by equally strong ones with opposite sign in the second and 
third resonance regions. It is again seen that the S-wave loop effects drop very 
much faster with momentum transfer Q 2 than the resonance contributions do. 
The multipole decomposition of the threshold amplitude for Q 2 = takes the 
form 




z/Im4 V,W,Q 2 ) 

yl2 _ 2,2 



2M N Q 2 



eg^N 



[G V A {Q 2 ) - FY {Q 2 )]. (14) 



3.8 (E 0+ ) - 1.5 (L 0+ ) + 0.9 (M i+ ) + 1.0 (E 1+ ) - 1.0 (L 1+ ) 

-0.4 (Li_) - 1.7 {E 2 -) + 0.4 (L 2 _) - 0.2 (others) 

2.3 (S) + 0.7 (P) - 1.3 (D) - 0.4 (F) w 1.3 , (15) 
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all in units of GeV -3 . We observe a terrific cancelation among the multipoles of 
the same pion partial wave and also between the strong electromagnetic dipole 
excitations Eq + and E^~ ■ It is surprising to see that the electric transverse and 
longitudinal multipoles of the Z\(1232) resonance, E\+ and L\ + , contribute just 
as much as the magnetic M\ + transition, although the latter multipole is stronger 
by a factor of 40 and 25, respectively. As is also seen in Fig. [TU1 both S and P 
waves yield positive contributions, whereas the D and F waves of the second 
and third resonance regions diminish the integral. As v moves from i/^r to zero, 
the total S-wave contribution decreases considerably, whereas the higher mul- 
tipole contributions change little. As a result the invariant amplitude becomes 
negative in the sub-threshold region. We conclude that the dispersive thresh- 
old amplitude is right on top of the sum rule value. However, MAID is based 
on an isospin-symmetric form of the production amplitude, and therefore the 
S-wave amplitudes near threshold are only approximately correct. In view of the 
discussed cancelations, the perfect agreement is therefore sheer chance. 

6 Summary and Conclusions 

We have studied pion photo- and electroproduction on the basis of dispersion 
relations at £=const, analyzing the invariant amplitudes in both the (unphysical) 
sub-threshold region and the physical region between threshold and the Z\(1232) 
resonance. Our findings may be summarized as follows: 

• The extension to sub-threshold kinematics provides a unique framework to 
determine the low-energy constants of chiral perturbation theory by global 
properties of the excitation spectrum. 

• The Fubini-Furlan-Rossetti sum rule allows us to determine the anomalous 
magnetic moments of the nucleons, K p and K n , from the pion photoproduc- 

tion amplitude \ In particular, k p is related to Z\(1232) excitation 

(|) and S-wave pion production near threshold (^). 

• The predictions of Fubini, Furlan, and Rossetti for the nucleon form factors 
are violated by the chiral symmetry breaking due to the finite pion mass. 
The resulting pion-loop corrections have transition radii far above the nu- 
cleon radius. For the same reason the curvature of the invariant amplitudes 
is very much larger than predicted by the sum rule. As a consequence, the 
terms O (Q 4 ) are of "unnaturally" large size such that the convergence 
radius of a one-loop expansion is expected to be very small. 

• The comparison between the SAID and MAID results in Fig. [8] shows that 
the input of the dispersion relations, the imaginary parts of the amplitudes, 
are more constrained by the experimental data than the real parts are. 

We conclude that dispersion relations allow us to construct a unitary, gauge and 
Lorentz invariant description of pion production based on experimental informa- 
tion for the absorptive part of the amplitudes. The agreement found between the 
experimental threshold amplitudes and the dispersive results is generally satis- 
factory. We hope to extend these calculations to the higher energies up to the 
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Z\(1232) resonance in order to constrain the real part of the background mul- 
tipoles, which still hampers the model-independent determination of the small 
electric and Coulomb amplitudes for Z\(1232) excitation. 
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